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KIRWAN SURJECTIVITY IN K-THEORY FOR HAMILTONIAN LOOP GROUP
QUOTIENTS
MEGUMI HARADA AND PAUL SELICK
ABSTRACT. Let G be a compact Lie group and LG be its associated loop group. The main result of
this manuscript is a surjectivity theorem from the equivariant K-theory of a Hamiltonian LG-space
onto the integral K-theory of its Hamiltonian LG-quotient. Our result is a K-theoretic analogue
of previous work in rational Borel-equivariant cohomology by Bott, Tolman, and Weitsman. Our
proof techniques differ from that of Bott, Tolman, and Weitsman in that they explicitly use the Borel
construction, which we do not have at our disposal in equivariant K-theory; we instead directly
constructG-equivariant homotopy equivalences to obtain the necessary isomorphisms in equivariant
K-theory. The main theorem should also be viewed as a first step toward a similar theorem in K-
theory for quasi-Hamiltonian G-spaces and their associated quasi-Hamiltonian quotients.
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1. INTRODUCTION
The main result of this manuscript is a surjectivity theorem from the equivariant K-theory of
a Hamiltonian loop group space onto the integral K-theory of its Hamiltonian quotient. Our
result should be understood as an integral K-theoretic analogue of a result of Bott, Tolman, and
Weitsman [4, Theorem 2], which is in turn a loop group analogue of Kirwan’s surjectivity theorem
in [9].
We now briefly recall the setting of Kirwan’s original result, which is an influential tool in the
theory of Hamiltonian spaces and their associated quotients. For G a compact Lie group and M
a finite-dimensional Hamiltonian G-space with proper moment map µ : M → g∗, Kirwan shows
that the norm-square of the moment map ‖µ‖2 : M → R is a G-equivariantly perfect Morse
function onM , and hence concludes that the inclusion µ−1(0) →֒M of the zero-level set of µ into
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M induces a surjection in G-equivariant cohomology
(1.1) H∗G(M ;Q)։ H
∗
G(µ
−1(0);Q).
If the G-action on µ−1(0) is free, the right hand side of (1.1) is isomorphic to the ordinary coho-
mology H∗(µ−1(0)/G;Q) of the symplectic quotient M//G := µ−1(0)/G, and hence we obtain
the Kirwan surjection κ : H∗G(M ;Q) ։ H
∗(M//G;Q). The map κ has been a powerful tool in
equivariant symplectic geometry since its introduction in Kirwan’s 1984 manuscript, since by ex-
plicitly computing ker(κ) one may then obtain explicit descriptions of the cohomology rings of
finite-dimensional symplectic quotients (see e.g. [8, 16, 5]). Moreover, the first author and Landwe-
ber have recently generalized the surjectivity result (1.1) of Kirwan as well as related results for
computing ker(κ) to the setting of topological K-theory [6, 7]. Since integral K-theory encodes
more delicate (e.g. torsion) information than does rational cohomology, these are promising new
developments in the computation of the topology of Hamiltonian quotients.
A natural analogue of the above finite-dimensional theory of Hamiltonian symplectic quotients
exists when the compact Lie group G is replaced by the infinite-dimensional Banach Lie group
LsG consisting of loops γ : S
1 → G on G of Sobolev class s (details in Section 2). A Hamiltonian
LsG-space is then an infinite-dimensional Banach manifold M on which LsG acts with moment
map µ : M → Lsg
∗. We always assume µ is proper. The Hamiltonian LsG-quotient is defined,
when G acts freely on µ−1(0), to beM//LsG := µ
−1(0)/G, just as in the finite-dimensional case.
Many symplectic manifolds arise as Hamiltonian LsG-quotients, the most famous class of which
are the moduli spaces of flat G-connections over Riemann surfaces with boundary. Hence it is of
importance to obtain explicit methods to compute topological invariants such as rational coho-
mology or integralK-theory corresponding to these quotients.
As mentioned above, Bott, Tolman, and Weitsman already proved in [4] the loop group ana-
logue of (1.1), i.e. the Kirwan surjectivity in rational cohomology for loop group quotients. Our
main result is the following, which is in turn the integral K-theory version of Bott, Tolman, and
Weitsman’s result and therefore the first step toward explicit computations of the K-theory of
Hamiltonian LsG-quotients.
Theorem 1.1. Let G be a compact Lie group equipped with a bi-invariant metric. Let LsG be the cor-
responding loop group for s > 32 . Let (M, ω, µ) be a Hamiltonian LsG-space with proper moment map
µ :M→ Lsg
∗. Then the inclusion µ−1(0) →֒ M induces a surjection in equivariant K-theory
K∗G(M)։ K
∗
G(µ
−1(0)).
In particular, if G acts freely on µ−1(0), the Kirwan map obtained by the composition
κ : K∗G(M)։ K
∗
G(µ
−1(0))
∼=
→ K∗(M//LsG = µ
−1(0)/G)
is surjective.
Before discussing the proof of our main theorem, we take a moment to discuss the generalized
equivariant cohomology theory which is the focus of this manuscript. By K-theory, we mean
topological, integral, complex K-theory, taking K0(X) to be the isomorphism classes of virtual
complex vector bundles over X when X is compact, or for more general X, taking [X,Fred(H)]
for a complex separable Hilbert spaceH. In the equivariant case, byKG(X)wemeanAtiyah-Segal
G-equivariant K-theory [14], built from G-equivariant vector bundles if X is a compact G-space,
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and G-equivariant maps [X,Fred(HG)]G if X is (as in our case) noncompact (here HG contains
infinitely many copies of every irreducible representation of G, see e.g. [2]).
We now briefly describe our arguments in the proof of Theorem 1.1. This also provides another
motivation for our result, as it involves the theory of quasi-Hamiltonian G-spaces as introduced
by Alekseev, Malkin, andMeinrenken [1]. A quasi-Hamiltonian G-spaceM is aG-space equipped
with a 2-form ω and a quasi-Hamiltonian moment map Φ. The 2-form ω is not necessarily sym-
plectic and the moment map Φ does not necessarily satisfy Hamilton’s equation, but both of these
discrepancies from the classical Hamiltonian theory are well-controlled by the canonical 3-form
on the Lie group G. We will not need much of the theory of quasi-Hamiltonian G-spaces in this
manuscript so we will not present all details here; suffice it to mention that one of the essen-
tial observations (and indeed, the original motivation) for this theory is that quasi-Hamiltonian
G-spaces (M,ω,Φ) are in one-to-one correspondence with Hamiltonian LsG-spaces with proper
moment map. There is a holonomy map Lsg
∗ → G making Lsg
∗ a fiber bundle over G, and
a theorem of Alekseev, Malkin, and Meinrenken [1, Theorem 8.3] states that any Hamiltonian
LsG-space with proper moment map is obtained as a pullback of the fibration Lsg
∗ → G via a
quasi-Hamiltonian moment map Φ : M → G for some quasi-Hamiltonian space M . Moreover,
the Hamiltonian LsG-quotient M//LsG may be identified with the quasi-Hamiltonian quotient
M//G := Φ−1(e)/G. Thus the theory of Hamiltonian LsG-quotients is inextricably linked with
that of quasi-Hamiltonian quotients. Indeed, Bott, Tolman, and Weitsman prove in [4, Theorem
3] a result in rational cohomology for quasi-Hamiltonian quotients similar in spirit to the original
Kirwan surjectivity theorem, using their surjectivity theorem for Hamiltonian LsG-quotients. We
expect that a similar result should hold also in integralK-theory; hence this is another motivation
for the current manuscript.
The rational cohomology version [4, Theorem 2] of our main theorem was proven by Bott,
Tolman, and Weitsman by fully exploiting the above-mentioned relationship between an (infinite-
dimensional) Hamiltonian LsG-spaceM and its associated finite-dimensional quasi-Hamiltonian
G-space M , and in particular the fact that M is a fiber product of M with the space Lsg
∗. The
essential technical point is the following: the main difficulties of dealing with Hamiltonian LsG-
spaces arise from their infinite-dimensionality, but it is precisely the Alekseev-Malkin-Meinrenken
description of M as a fiber product of a finite-dimensional space M with a specific infinite-
dimensional affine space Lsg
∗ (about which a great deal is known) which makes these techni-
cal problems surmountable. Indeed, using the description of Lsg
∗ as an affine space of connec-
tions on a G-principal bundle over S1, Bott, Tolman, and Weitsman use the classical infinite-
dimensional Morse-theoretic approach of approximating continuous paths on G by piecewise
smooth geodesics to construct a sequence of finite-dimensional approximating spaces Yn to M.
Proving the surjectivity for each of these Yn then implies surjectivity forM. In rational cohomol-
ogy, this last step of proving the surjectivity for each Yn is accomplished in [4] by a careful analysis
of the local geometry of aMorse-type function defined on each Yn, in addition to the rational coho-
mology Atiyah-Bott lemma [3, Prop 13.4], [4, Lemma 1.4]. In the setting of K-theory, the analysis
of the local geometry of course remains the same but we must instead rely on the integral topo-
logical K-theory version of the Atiyah-Bott lemma, developed and used in [6] (see also [17] for a
version in algebraic K-theory).
Our arguments in the present manuscript follow in broad outline that given by Bott, Tolman,
and Weitsman; in particular, we use the same approximating spaces as constructed in [4]. How-
ever, the key difference between our arguments and those in [4] is that Bott, Tolman, andWeitsman
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consistently use explicitly the Borel construction in equivariant cohomology, as well as other tech-
niques specific to cohomology, none of which we have at our disposal in equivariant K-theory.
Hence, by necessity, we must use other methods to prove that these approximating spaces do also
indeed approximateM (in the appropriate sense) in K-theory. We accomplish this by taking the
arguments in [4] a few steps further and exhibiting explicitG-equivariant homotopy equivalences
between the appropriate spaces, from which the relevant isomorphisms on the equivariant K-
theories of course immediately follow. In other words, our proofs are based on exhibiting explicit
geometric relationships on the underlying spaces, instead of algebraic arguments on the level of
the associated algebraic invariants.
We close with some comments on directions for future work. Firstly, as was already mentioned
above, the present manuscript should be viewed as a first step toward a generalization to K-
theory of the Kirwan surjectivity-type theorem for quasi-Hamiltonian quotients proven by Bott,
Tolman, and Weitsman in rational cohomology [4, Theorem 3]. Secondly, it is evident that, given
such a surjectivity theorem as in Theorem 1.1, some explicit computations of the integralK-theory
of specific examples (such as the moduli spaces of flat connections on G-bundles over Riemann
surfaces) are clearly in order. We intend to address these and related issues in future work.
The contents of this manuscript are as follows. In Section 2 we recall only the bare minimum
of the necessary technicalities of our setup in order to be able to state our results. In Section 3
we construct an infinite-dimensional space Y which approximates the original Hamiltonian LsG-
spaceM, in the sense that if we prove an analogous surjectivity theorem for Y then this implies
our main theorem. In Section 4 we construct a sequence Yn of finite-dimensional spaces which in
turn approximate Y , again in the sense that if we prove the analogous surjectivity theorems for
each of the Yn (compatible in an appropriate sense) thenwemay deduce the surjectivity for Y . This
proves the main result. We have relegated to an Appendix some technical and straightforward
arguments in G-equivariant homotopy theory.
Acknowledgements. We thank Jonathan Weitsman, Lisa Jeffrey, Eckhard Meinrenken, and Greg
Landweber for their interest and encouragement. The first author thanks Andrew Nicas for many
useful conversations. The authors were supported in part by NSERC Discovery Grants.
2. BACKGROUND: HAMILTONIAN LsG-SPACES AND QUASI-HAMILTONIAN G-SPACES
We now turn to some of the technical analytical details of our infinite-dimensional problem. We
refer the reader to [1, 4] for details.
Let G be a compact Lie group equipped with a bi-invariant metric. By the loop group LsG we
will mean the infinite-dimensional space
LsG :=
{
γ : S1 → G
∣∣∣∣ γ is of Sobolev class s} ,
for some fixed s > 32 . Then LsG is itself a Banach Lie group where the group structure is given
by pointwise multiplication in G. The Lie algebra Lsg of LsG may be identified with the space
Ω0s(S
1; g) of maps from S1 to g of Sobolev class s. We then define Lsg
∗ to be Ω1s−1(S
1; g), the space
of g-valued one-forms on S1 of Sobolev class s− 1. The pairing
(α, β) ∈ Lsg× Lsg
∗ 7→
∫
S1
〈α, β〉
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where 〈·, ·〉 is the given metric restricted to g = TeG induces an inclusion Lsg
∗ →֒ (Lsg)
∗ into the
Banach space dual. Viewing Lsg
∗ := Ω1s−1(S
1; g) as the affine space of connections on the trivial-
ized G-bundle S1 × G → S1, we let the loop group LsG act on Lsg
∗ via gauge transformations,
namely for γ ∈ LsG,β ∈ Lsg
∗ we have
(2.1) γ · β = γβγ−1 − γ∗θ,
where θ denotes (following notation of [1]) the right-invariant Maurer-Cartan form onG. We note
in particular that this action of LsG on Lsg
∗ is not linear because of the presence of the translation
term γ∗θ. Indeed, this action of LsG on Lsg
∗ is in fact induced from the action of an S1-central
extension L̂sG of LsG on its own Lie algebra dual L̂sg
∗ ∼= Lsg
∗ ⊕R, where the second factor is the
Lie algebra of the central S1. Since the S1 is central, the coadjoint action of L̂sG descends to an
action of LsG, and the codimension-1 affine subspaces “at level t” Lsg
∗⊕{t} ⊆ Lsg
∗⊕R ∼= L̂sg
∗
for
t ∈ R are preserved under this action. The gauge action (2.1) is then the restriction of this action
to the “level 1”, i.e. we have identified Lsg
∗ with the codimension-1 affine subspace Lsg
∗ ⊕ {1} ⊆
Lsg
∗⊕R ∼= L̂sg
∗
. (See e.g. [13, Section 4].) Hence although by 0 ∈ Lsg
∗ we do mean the identically
0 connection 1-form in Ω1s−1(S
1; g), we do not mean the zero element in the dual vector space L̂sg
∗
(since this 0 connection is actually identified with (0, 1) ∈ Lsg
∗ ⊕ R). In particular, the stabilizer
group of this 0 connection in Lsg
∗ is not all of LsG but only the subgroup of identically constant
loops G ⊆ LsG.
Continuing to interpret Lsg
∗ as a space of connections, we also have a holonomy map hol :
Lsg
∗ → PeG
∗ where PeG
∗ denotes1 the space of continuous paths in G based at the identity e ∈ G
(that hol(β) is indeed continuous follows from our choice of Sobolev parameter). We also let
Hol : Lsg
∗ → G denote the “endpoint” holonomy Hol = hol(1), i.e. the holonomy around the loop
S1 = R/Z. Recall also that Hol : Lsg
∗ → Gmakes Lsg
∗ a principal ΩsG-bundle overG, where ΩsG
is the subgroup of loops based at e ∈ G (see [1]).
A Hamiltonian LsG-space is then defined to be a Banach manifoldM equipped with an LsG-
action, an LsG-invariant 2-form ω and an equivariant map µ : M → Lsg
∗ such that the 2-form
ω is closed and is weakly non-degenerate (i.e. induces an injection TxM → T
∗
xM for all x ∈ M)
and µ is a moment map for the LsG-action. In [1], Alekseev, Malkin, and Meinrenken prove that
every Hamiltonian LsG-space with a proper moment map µ : M → Lsg
∗ arises as a pullback
ΩsG-fibration
(2.2) M //

Lsg
∗
Hol

M
Φ
// G
where M is a finite-dimensional smooth manifold and Φ : M → G a smooth map. In fact M is
naturally equipped with a G-action and a 2-form, making the map Φ G-equivariant with respect
to the given G-action onM and the conjugation action of G on itself. Thus we may conclude that
M a quasi-Hamiltonian space in the sense of [1, Definition 2.2]. We will not need further specific
properties of quasi-Hamiltonian spaces here, so we do not pursue this matter in more detail. The
1For consistency we here follow the notation of [4]; however, we do point out that the PeG
∗ simply denotes a space
of continuous loops, and is not a “dual” of any space.
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essential fact we need is simply the existence of the above pullback diagram for some G-spaceM
and G-equivariant map Φ.
3. SURJECTIVITY VIA AN INFINITE-DIMENSIONAL APPROXIMATION
In this section we construct an infinite-dimensional space which will serve as an effective re-
placement, for the purposes of computing equivariantK-theory of our original Hamiltonian LsG-
space. The essential point is that we wish to replace Lsg
∗, a space of connections on a prin-
cipal G-bundle, with a space Y which is intimately related to a much more familiar object in
classical infinite-dimensional Morse theory (and for which Morse-theoretic tools have been well-
developed), namely, the space of piecewise smooth paths on G. Our construction of this space Y
will be the same as that given in [4], so we only briefly recall it here. Our notation closely follows
that in [4].
The main result of this section is the following. On this infinite-dimensional approximating
space Y we will see that there exists a function fˆ : Y → R related to the classical energy functional
on a space of piecewise smooth paths. We prove below that the map induced by the inclusion
µ−1(0) →֒ M,
(3.1) K∗G(M)→ K
∗
G(µ
−1(0))
is surjective if and only if
(3.2) K∗G(Y )→ K
∗
G(fˆ
−1(0))
is surjective, where the map (3.2) is also induced by the inclusion fˆ−1(0) →֒ Y. In other words,
we reduce the main problem, that of proving surjectivity of (3.1), to one of analyzing the infinite-
dimensional Morse theory of Y . We exploit this further in Section 3 by constructing a sequence of
finite-dimensional approximations to Y given by piecewise geodesic paths.
Our proof of the equivalence of the surjectivity of (3.1) and (3.2) does not follow that of [4],
since their arguments make explicit use of the Borel construction and other techniques specific
to ordinary cohomology which in our setting we do not have at our disposal. This turns out
not to be a serious limitation, since certain geometric constructions given in [4] can, by some
further argument, be seen to be G-equivariant homotopy equivalences. This stronger statement
then implies the necessary results also in equivariant K-theory.
We now briefly recall the construction of the infinite approximating space Y toM as given in
[4, Section 3]. As already mentioned, the construction depends substantially on the description of
a Hamiltonian LsG-spaceM as a pullback of an ΩsG-bundle over G as in [1]. LetM be the quasi-
Hamiltonian space associated to M, so that ΩsG →֒ M → M is the fibration in the left vertical
of (2.2). Then
M∼= {(γ,m) ∈ Lsg
∗ ×M |Φ(m) = Hol(γ)} .
The idea of the construction of the space Y is to replace the contractible space Lsg
∗ with a different
contractible space which is related to Lsg
∗ by taking holonomies. For instance, the holonomy
map hol on Lsg
∗ takes values in PeG
∗, the space of continuous maps (equipped with uniform
topology) γ : [0, 1] → G with γ(0) = e ∈ G, where e is the identity of G. The group G acts on
PeG
∗ by pointwise conjugation (g · λ)(t) := g−1λ(t)g, and PeG
∗ is G-equivariantly contractible.
Let ρ∗ : PeG
∗ → G denote the endpoint map γ 7→ γ(1) ∈ G. We may now define, analogously to
KIRWAN SURJECTIVITY IN K-THEORY FOR HAMILTONIAN LOOP GROUP QUOTIENTS 7
M, the space
M∗ := {(γ,m) ∈ PeG
∗ ×M |Φ(m) = ρ∗(γ)} .
The space M∗ is also equipped with a G-action, given by the diagonal action. Projection to the
first factor yields a G-equivariant map µ∗ : M∗ → PeG
∗. If we denote by e the constant path at
the identity in PeG
∗, we note that the holonomy map hol : Lsg
∗ → PeG
∗ induces an inclusion
M →֒M∗ which takes µ−1(0) exactly to (µ∗)−1(e).
We have now related the question of analyzing the level set µ−1(0) ⊆ M to that of the level
set (µ∗)−1(e) in the spaceM∗. However,M∗ is not the approximating space toM that we really
want, most especially since (as we have just seen)M∗ is larger than M. However, now that we
have phrased a question in terms of continuous paths in G, we may use the analytical trick of
approximating continuous functions by piecewise smooth ones.
With this in mind, let P̂eG denote the space of piecewise smooth paths λ inG based at the identity.
As for PeG
∗,G acts on P̂eG by conjugation, and P̂eG isG-equivariantly contractible. Let ρ̂ : P̂eG→
G denote the endpoint map; then we define the infinite approximating space Y to be
(3.3) Y :=
{
(λ,m) ∈ P̂eG×M |Φ(m) = ρ̂(γ)
}
.
As forM∗, projection to the first factor yields aG-equivariant map µ̂ : Y → P̂eG. Since on P̂eG the
paths are piecewise smooth, we may also define on Y the following energy functional, familiar
from classical Morse theory, using the given bi-invariant metric on G:
(3.4) f̂(λ,m) :=
∫ 1
0
∥∥∥∥λ−1 dλdt
∥∥∥∥2 dt.
Further, since P̂eG is a subset of PeG
∗, there is a natural inclusion Y →֒ M∗, and again it is
immediate from the definitions that this inclusion takes f̂−1(0) exactly to (µ∗)−1(e).
To summarize, we have the following diagram of inclusions:
Y
  //M∗ M?
_oo
f̂−1(0)
?
OO
∼=
// (µ∗)−1(0)
?
OO
µ−1(0),
?
OO
∼=
oo
where Y,M∗,M are related by the diagram
Y
  //

M∗

M?
_oo

M
id
// M M,
id
oo
which is obtained by pulling back the following diagram by the quasi-Hamiltonian moment map
Φ :M → G :
P̂eG
  //
ρˆ

PeG
∗
ρ∗

Lsg
∗? _oo
Hol

G
id
// G G.
id
oo
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We may now state the main result of this section.
Proposition 3.1. Let G be a compact Lie group equipped with a bi-invariant metric. Let LsG be the
corresponding loop group for s > 3/2. Let (M, ω, µ) be a Hamiltonian LsG-space with proper moment
map µ :M→ Lsg
∗. Let Y denote the infinite approximating space toM defined in (3.3), and fˆ : Y → R
the energy functional given in (3.4). ThenM and Y are G-equivariantly homotopy-equivalent, and
K∗G(M)→ K
∗
G(µ
−1(0))
is surjective if and only if
K∗G(Y )→ K
∗
G(fˆ
−1(0))
is surjective.
Remark 3.2. In [4], Bott, Tolman, and Weitsman prove that the inclusions Y →֒ M∗ andM →֒M∗
induce isomorphisms in G-equivariant cohomology [4, Lemma 3.2]. Hence the content of our
claim above is the stronger statement that in fact thesemaps of spaces areG-equivariant homotopy
equivalences.
Proof. We prove the following sequence of geometric statements.
(1) The maps ρ∗ : PeG
∗ → G, and Hol : Lsg
∗ → G are both G-fibrations, where the action of G
on itself is by conjugation, and the action on the total spaces is by pointwise conjugation.
Here, by a G-fibration we do not mean a principal G-bundle; rather, we mean a map of G-
spaces satisfying a G-equivariant version of the standard homotopy lifting property (see
for instance [11]).
(2) The total spaces of the pullback fibrationsM∗ andM areG-equivariantly homotopy equiv-
alent.
(3) The inclusion ι : P̂eG →֒ PeG
∗ is a G-equivariant homotopy equivalence. Moreover, the
G-equivariant homotopy inverse h : PeG
∗ → P̂eG and the G-equivariant homotopiesH
∗ :
PeG
∗×[0, 1]→ PeG
∗ and Ĥ : P̂eG×[0, 1]→ P̂eGwithH
∗(0) = ι◦h,H∗(1) = idPeG∗ , Ĥ(0) =
h ◦ ι, Ĥ(1) = iddPeG may be chosen to preserve the projection maps toG, i.e. ρˆ ◦ h = ρ
∗, and
ρ∗ ◦H∗(t) = ρ∗, ρ̂ ◦ Ĥ(t) = ρ̂ for all t ∈ [0, 1].
(4) The total spaces of the pullback fibrations Y andM∗ areG-equivariantly homotopy equiv-
alent.
From these statements, it immediately follows that the spaces total spaces Y and M are G-
equivariantly homotopy equivalent. Moreover, since G-equivariantly homotopic spaces have iso-
morphic equivariant K-theory, we have K∗G(M)
∼= K∗G(M
∗) ∼= K∗G(Y ). Furthermore, since we
have already seen that the G-equivariant inclusionsM →֒ M∗ and Y →֒ M∗ take µ−1(0) exactly
to (µ∗)−1(e) and fˆ−1(0) exactly to (µ∗)−1(e), respectively, we may also immediately conclude that
K∗G(M) → K
∗
G(µ
−1(0)) is surjective if and only if K∗G(Y ) → K
∗
G(fˆ
−1(0)) is surjective. Hence in
order to complete the proof, it suffices to prove each of the geometric statements given above.
We begin with the first statement. That these are both fibrations in the non-equivariant sense,
with fibers ΩeG
∗ and ΩsG respectively, is well-known. Here ΩeG
∗ denotes the continuous loops
based at the identity and ΩsG the maps S
1 → G of Sobolev class s and γ(0) = γ(1) = e ∈ G.
That these are also G-fibrations follows from the fact that here we take the G-action to be trivial
on the domains [0, 1] and S1 in the definition of the paths γ : [0, 1] → G and loops γ : S1 → G.
For the second statement, we first observe that both Lsg
∗ and PeG
∗ areG-equivariantly homotopy
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equivalent to a point. In particular, the inclusion ı : Lsg
∗ →֒ PeG
∗ is a G-equivariant homotopy
equivalence, and by definition of the holonomy map, Hol = ρ∗ ◦ ı. Now applying Theorem A.3 to
the case where B = G, p = Hol : E = Lsg
∗ → G, p′ = ρ∗ : E′ = PeG
∗ → G,ψ = ı,X = M the
quasi-Hamiltonian G-space associated toM and f = Φ the quasi-Hamiltonian moment map, we
may immediately conclude thatM∗ andM are G-equivariantly homotopy equivalent.
For the third statement, we construct explicitly the G-equivariant homotopy inverse h of the
inclusion map ι : P̂eG →֒ PeG
∗ with the required properties. In the non-equivariant setting, a
construction of an (ordinary) homotopy inverse to the inclusion ι : P̂eG →֒ PeG
∗ is given by
Milnor in [12, Section 17 and Appendix A]. Hence to prove the statement, what remains to be
seen is that the Milnor argument can be made to be G-equivariant under the conjugation action
of G on itself, in the sense stated above in (3). We will not reproduce here the construction given
by Milnor, as it is clearly written already in [12]; we will instead only remark on those points
which require extra argument in our equivariant case. Following Milnor, we call an open set U
in G geodesically convex if any two points p, q in U have a unique geodesic connecting them. We
first observe that any open covering U of G by geodesically convex open sets can be assumed
without loss of generality to be G-invariant (under the conjugation action) since we may always
add to U allG-translates of the open setsU ∈ U. (Note that if U is geodesically convex, then for any
g ∈ G, so is gUg−1, since the metric onG is assumed bi-invariant.) Following Milnor, we may now
define PeG
∗
k to be the subset of PeG
∗ consisting of continuous paths γ such that each subinterval
[ ℓ−1
2k
, ℓ
2k
], 1 ≤ ℓ ≤ 2k, is mapped by γ into one of the open sets in the cover U. Since each of the
sets U ∈ U is open in G, it is straightforward to see that under the uniform topology PeG
∗
k is an
open subset of PeG
∗. Moreover, since U isG-invariant, it follows that PeG
∗
k is G-invariant, as is the
inverse image P̂eGk := ι
−1(PeG
∗
k) ⊆ P̂eG.Again recalling that themetric inG is bi-invariant, it can
now be verified that the homotopy inverse h to ι|dPeGk
: P̂eGk →֒ PeG
∗
k constructed in [12, Section
17] is in fact also a G-equivariant homotopy inverse. Moreover, it is evident from the definition
of h and the argument in [12, Section 16.2] that the homotopies to the identity of h ◦ ι|dPeGk
and
ι|dPeGk
◦ h are not only equivariant, but also preserve the endpoint projection map for all t ∈ [0, 1].
The next step is to check that, in our setting, the argument in [12, Example 1, Appendix A]
that P̂eG,PeG
∗ are G-homotopy direct limits of the P̂eGk, PeG
∗
k respectively, and that the proof of
[12, Theorem A, Appendix A] can be made G-equivariant. Since G is compact, we may without
loss of generality assume that the partition of unity and R-valued function f in [12, Example 1,
Appendix A] are G-invariant. Moreover, in the case that the original space X is equipped with
a G-action and the sequence of subspaces X0 ⊆ X1 ⊆ X2 · · · are all G-invariant (see [12, p.169])
then X × R can also be made a G-space with G acting solely on the first factor, and the space XΣ
defined in [12, p.169] is G-invariant in X × R. The projection p : XΣ → X then can be seen to
be aG-equivariant homotopy equivalence, and we may conclude that P̂eG,PeG
∗ are G-homotopy
direct limits of the open G-invariant subsets P̂eGk, PeG
∗
k respectively, as desired. Similarly it is
then straightforward to check that aG-equivariant version of [12, TheoremA, Appendix A] is still
valid, since with the above assumptions the explicit constructions given in [12, p.150-153] are all
G-equivariant. Moreover, it is evident from the construction that the G-equivariant homotopies
preserve the endpoint projection, as desired.
The fourth and last geometric statement follows from the following more general statement.
Suppose B,W,Z are G-spaces, and πW : W → B, πZ : Z → B, are G-equivariant maps. Suppose
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also there exist G-equivariant maps φ : W → Z , ψ : Z → W , HW : W × [0, 1] → W , HZ :
Z × [0, 1]→ Z (here the G-action on the product manifolds are trivial on the second factor) which
satisfy πZ ◦ φ = πW , πZ ◦ ψ = πW , and πW ◦HW (t) = πW , πZ ◦HZ(t) = πZ for all t ∈ [0, 1]. Now
let Φ∗W,Φ∗Z denote the spaces obtained by pulling back via a map Φ :M → B the spacesW and
Z , so
Φ∗W := {(m,w) : Φ(m) = πW (w)}, Φ
∗Z := {(m, z) : Φ(m) = πZ(z)}.
Let the maps Φ∗φ : Φ∗W → Φ∗Z , Φ∗ψ : Φ∗Z → Φ∗W , Φ∗HW : Φ
∗W × [0, 1] → Φ∗W , Φ∗HZ :
Φ∗Z × [0, 1]→ Φ∗Z be defined respectively by
(m,w) 7→ (m,φ(w), (m, z) 7→ (m,ψ(z)), (m,w, t) 7→ (m,HW (w, t)), (m, z, t) 7→ (m,HZ(z, t)).
Then it is straightforward to check that these are well-defined, G-equivariant, and provide the
necessaryG-equivariant homotopy equivalences andG-equivariant homotopies. HenceΦ∗W and
Φ∗Z are also G-equivariantly homotopy equivalent. Our case follows by taking W = P̂eG,Z =
PeG
∗, B = G,Φ : M → G the quasi-Hamiltonian moment map, and the G-equivariant homotopy
equivalences to be those constructed in the proof of the third statement above.

4. SURJECTIVITY VIA FINITE-DIMENSIONAL APPROXIMATIONS
In the previous section, we showed that surjectivity inK-theory for the Hamiltonian LsG-space
M follows from an analogous surjectivity result for the space Y . In this section, we argue that
the surjectivity result for the space Y can in turn be reduced to that for an increasing sequence
of finite-dimensional approximating manifolds Yn. Just as the space Y is constructed essentially
by replacing the space of connections Lsg
∗ with the space of piecewise smooth paths in G, we
will construct the finite-dimensional approximations Yn by replacing the piecewise smooth paths
in G with piecewise geodesic paths in G or equivalently (if consecutive points are close enough),
a sequence of points in G. We also define functions fn : Yn → R on each finite-dimensional
approximation Yn analogous to the energy functional on paths.
In order to then prove that the surjectivity of (3.2) follows from the surjectivity of
(4.1) K∗G(Yn)→ K
∗
G(f
−1
n (0))
for each n, where the maps are induced by the inclusions f−1n (0) →֒ Yn, we will show that in
fact each Yn is G-equivariantly homotopy-equivalent to the preimage fˆ
−1(−∞, cn) ⊆ Y for a
positive constant c. We also show that the appropriateMilnor lim1 term vanishes when comparing
the limit of the equivariant K-theories of the Yn to that of Y . This vanishing turns out to be a
straightforward consequence of the geometric arguments given in [4] and theK-theoretic Atiyah-
Bott lemma [6, Lemma 2.3]; moreover, it allows us to quickly obtain the necessary final step in the
argument, namely, that (4.1) is indeed surjective for each Yn.
As was the case for Y , our construction of the Yn is the same as that given in [4, Section 4] so
we only briefly recall it here and refer the reader to the original work for details; however, the
argument that the relevant ring surjections are related does require extra argument and care in the
K-theory case. For n ∈ N we define
Xn :=
{
(g1, g2, . . . , gn,m) ∈ G
n ×M
∣∣Φ(m) = gn} ∼= Gn−1 ×M,
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whereM is our quasi-Hamiltonian G-space with moment map Φ. The space Xn is naturally a G-
space, given by the diagonal action; here G acts on itself by conjugation. We define the analogue
of the energy function fn : Xn → R by
fn(g1, g2, . . . , gn,m) := nρ(e, g1)
2 + nρ(g1, g2)
2 + · · ·+ nρ(gn−1, gn)
2,
where ρ denotes the distance between two points on Gwith respect to the given metric. Let ρ¯ > 0
be a positive real number such that if two points p, q ∈ G are of distance less than ρ¯ from each
other, i.e. ρ(p, q) < ρ¯, then there exists a unique shortest geodesic in G connecting them. We then
define the finite-dimensional approximating manifolds to Y by
(4.2) Yn := f
−1
n
(
−∞,
1
2
nρ¯2
)
.
Since fn is G-invariant, Yn is also a G-space.
Our goal in this section is to analyze the infinite-dimensional space Y using the sequence of
finite-dimensional approximations Yn. However, in order to effectively accomplish this, we must
understand the relationship between the successive approximations. As a first step, we briefly
recall the relationship, explained in detail in [4, Section 4], between Yn and fˆ
−1(−∞, 12nρ¯
2). The
essential observation is that if
fn(g1, g2, . . . , gn,m) = n
(
n−1∑
i=0
ρ(gi, gi+1)
2
)
<
1
2
nρ¯2,
where we set g0 = e ∈ G, then ρ(gi, gi+1) < ρ¯ for all 0 ≤ i ≤ n− 1. In other words, in this situation
the consecutive group elements have a unique shortest geodesic connecting them. By joining these
geodesics together (in n equal subintervals) to form a single path from e to gn wemay define amap
βn : Yn → Y. Since each geodesic from time [
i
n ,
i+1
n ] has constant speed
ρ(gk ,gk+1)
1/n = nρ(gk, gk+1),
it is straightforward to see that the path from [0, 1] has total energy n
(∑n−1
i=0 ρ(gi, gi+1)
2
)
and
hence the map βn satisfies fˆ ◦ βn = fn. So in fact βn maps Yn into fˆ
−1(−∞, 12nρ¯
2) ⊂ Y . A
reverse map αn : fˆ
−1(−∞, 12nρ¯
2) → Yn can be defined by taking an element (λ,m) ∈ Y :={
(λ,m) ∈ P̂eG×M
∣∣λ(1) = Φ(m) ∈ G} to the element (λ( 1n ), λ( 2n ), . . . , λ(n−1n ), λ(1),m) ∈ Yn. It
is shown in [4, Lemma 4.2] that αn is well-defined, and that βn : Yn → fˆ
−1(−∞, 12nρ¯
2) is a G-
homotopy equivalence with homotopy inverse αn. In particular, we may conclude that
(4.3) K∗G
(
fˆ−1
(
−∞,
1
2
nρ¯2
))
∼= K∗G(Yn).
Furthermore, using the natural inclusion fˆ−1
(
−∞, 12nρ¯
2
)
→֒ fˆ−1
(
−∞, 12 (n+ 1)ρ¯
2
)
,we may now
define a map φn : Yn → Yn+1 between the successive approximations as the composition
(4.4) Yn
βn
// fˆ−1
(
−∞, 12nρ¯
2
)
  // fˆ−1(−∞, 12(n+ 1)ρ¯
2)
αn+1
// Yn+1.
Wemay now state our first result of the section, which relates the equivariant K-theories of the
successive approximations.
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Proposition 4.1. For each n ∈ N, the map φn : Yn → Yn+1 in (4.4) induces a surjection in equivariant
K-theory, i.e. the induced ring homomorphism
φ∗n : K
∗
G(Yn+1)→ K
∗
G(Yn)
is surjective.
The proof, as we see below, is by using the Morse-Kirwan theory of the function fn+1 on Yn+1.
Proof. Wewill first prove the following geometric statements:
(1) φn : Yn →֒ Yn+1 is an inclusion;
(2) φn(Yn) ⊆ f
−1
n+1(−∞,
1
2nρ¯
2); and
(3) φn : Yn → f
−1
n+1
(
−∞, 12nρ¯
2
)
is a G-equivariant homotopy equivalence.
We begin with the first statement. Let (g1, g2, . . . , gn,m) and (g
′
1, g
′
2, . . . , g
′
n,m
′) be two distinct
elements in Yn. It is evident from the definitions that φn does not change the last coordinate.
Hence if m 6= m′ then it is immediate that φ(g1, g2, . . . , gn,m) 6= φ(g
′
1, g
′
2, . . . , g
′
n,m
′), so we may
suppose that there exists an index k, with 1 ≤ k ≤ n, such that gk 6= g
′
k. In fact let k denote the least
such index. By definition of φn, the k-th component of φn(g1, . . . , gn,m) is given by λ(
k
n+1 ),where
λ : [0, 1] → G is the based path starting at e ∈ G,λ( in ) = gi for 1 ≤ i ≤ n, and λ :
[
i−1
n ,
i
n
]
→ G
is the unique geodesic connecting gi−1 and gi (we set g0 = e ∈ G). Let λ
′ denote the image
φn(g
′
1, g
′
2, . . . , g
′
n,m
′). By assumption on the index k, gi = g
′
i for i ≤ k − 1. Since ρ(gk−1, gk) < ρ¯
and ρ(g′k−1, g
′
k) < ρ¯, there exists a unique shortest geodesic gk−1 · exp(tX) connecting gk−1 and
gk, and similarly gk−1 exp(tX
′) = g′k−1 exp(tX
′) connecting gk−1 = g
′
k−1 and g
′
k, both obtained
by a translate (by multiplication on G) of a 1-parameter subgroup in G. Since gk 6= g
′
k, we must
have X 6= X ′, and the geodesics cannot intersect. Hence the image of λ
([
k−1
n ,
k
n
])
is disjoint from
λ′
([
k−1
n ,
k
n
])
, and in particular λ
(
k
n+1
)
6= λ′
(
k
n+1
)
. Hence φn is injective.
For the second statement, to see that φn(Yn) is a subset of f
−1
n+1(−∞,
1
2nρ¯
2), it suffices to recall
that the inclusion βn : Yn →֒ fˆ
−1
(
−∞, 12nρ¯
2
)
satisfies fˆ ◦ βn = fn, and that the retraction αn+1 :
fˆ−1(−∞, 12(n + 1)ρ¯
2) → Yn+1 does not increase energy, since a geodesic between λ
(
i−1
n+1
)
and
λ
(
i
n+1
)
always has energy less than or equal to that of any path λ :
[
i−1
n+1 ,
i
n+1
]
→ G. Hence if
(g1, g2, . . . , gn,m) ∈ Yn, i.e. fn(g1, . . . , gn,m) ≤
1
2nρ¯
2, then fn+1 ◦ φn(g1, . . . , gn,m) is also ≤
1
2nρ¯
2,
as desired.
Finally, we prove that φn is aG-equivariantly homotopy equivalence between Yn and the subset
f−1n+1
(
−∞, 12nρ¯
2
)
⊆ Yn+1. Recall that the inclusion βn : Yn → fˆ
−1(−∞, 12nρ¯
2) is already known to
be a G-homotopy equivalence, as described above. Furthermore, since the G-equivariant retrac-
tion αn+1 does not increase energy, as noted above, we also have a well-defined restriction
(4.5) αn+1|fˆ−1(−∞, 12nρ¯2)
: fˆ−1
(
−∞,
1
2
nρ¯2
)
→ f−1n+1
(
−∞,
1
2
nρ¯2
)
.
Putting these together, we see that it suffices to show that this map (4.5) is a G-equivariant homo-
topy equivalence.
By construction, we have that αn+1 ◦ βn+1 = id, so it suffices to show that the restriction βn+1 ◦
αn+1 to fˆ
−1(−∞, 12nρ¯
2) is G-equivariantly homotopic to the identity. In [4, Lemma 4.2], a G-
equivariant homotopy Dt between βn+1 ◦ αn+1 and the identity map on fˆ
−1(−∞, 12(n + 1)ρ¯
2)
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is explicitly constructed as follows. Let t ∈ [0, 1] and λ ∈ fˆ−1
(
−∞, 12(n+ 1)ρ¯
2
)
. Then Dt(λ) :
[0, 1] → G is defined as follows: for every index i, 0 ≤ i ≤ n, on the interval [ in+1 ,
i+t
n+1 ], Dt(λ)
is the unique geodesic joining λ( in+1 ) and λ(
i+t
n+1 ). On the interval [
i+t
n+1 ,
i+1
n+1 ], Dt(λ) is defined to
be the same as the original path λ : [ i+tn+1 ,
i+1
n+1 ] → G. It is evident that at t = 0, D0 ≡ id, and
D1 = βn+1 ◦ αn+1. Moreover, Dt cannot increase the energy of a path for any t ∈ [0, 1], so for
each t the map Dt preserves the subset fˆ
−1(−∞, 12nρ¯
2). In particular, it provides a G-equivariant
homotopy between the restriction of βn+1 ◦ αn+1 to fˆ
−1
(
−∞, 12nρ¯
2
)
and the identity map, as
desired.
To conclude the proof, wemust now show that the inclusion φn : Yn → Yn+1 induces a surjection
in equivariant K-theory. From the arguments above, it in fact suffices to show that the inclusion
f−1n+1(−∞,
1
2nρ¯
2) →֒ Yn+1 induces a surjection in equivariantK-theory. We first recall that fn+1 is a
Morse-Kirwan function, as is shown in [4, Sections 5-8]. This fact is highly non-trivial, but as it is
explained in detail in the above-mentioned reference, we will not discuss it further here. We only
note in particular that [4, Proposition 8.2] additionally proves the following geometric fact. Let C
be a connected component of the critical set of fn+1, and E
−
C be its negative normal bundle with
respect to fn+1. Then they show that there exists a subtorus T of G and a Z(T )-invariant subsetB
of CT such that the natural map G×Z(T ) B is a G-equivariant homeomorphism; moreover, (E
−
C )
T
is a subset of the zero section of E−C . In this geometric situation, we may immediately apply the
K-theoretic Atiyah-Bott lemma [6, Lemma 2.3] and conclude that the G-equivariant K-theoretic
Euler class eG(E
−
C ) ∈ K
∗
G(C) is not a zero divisor for all components C . We briefly recall the
geometric implications of this last statement about the Euler class, referring the reader to [4, 6]
for details. For sufficiently small ε > 0 let Y ±n+1 denote f
−1
n+1(−∞, fn+1(C) ± ε). There is then
a commutative diagram involving the long exact sequence in equivariant K-theory of the pair
(Y +n+1, Y
−
n+1) as follows:
· · · // K∗G(Y
+
n+1, Y
−
n+1)
//
∼=

K∗G(Y
+
n+1)
//

K∗G(Y
−
n+1)
// · · ·
K∗−λCG (C)
∪eG(E
−
C
)
// K∗G(C)
where λC denotes the Morse index of C . Since eG(E
−
C ) is not a zero divisor, the bottom horizontal
arrow is an injection, which in turn implies that the top long exact sequence splits. In particular,
the restriction map K∗G(Y
+
n+1) → K
∗
G(Y
−
n+1) is a surjection. Since this is true for all components C
of the critical set Crit(fn+1), we conclude that the restriction map K
∗
G(Yn+1) → K
∗
G(f
−1
n+1(−∞, a))
for any value a ∈ R is a surjection. Taking a = 12nρ¯
2, we then see that the composite ring homo-
morphism
K∗G(Yn+1)
// K∗G(f
−1
n+1(−∞,
1
2nρ¯
2))
∼=
φ∗
// K∗G(Yn)
is a surjection, as desired. 
Wemay now compare the limit of the Yn with all of Y , and also conclude that the ring map (3.2)
is a surjection if the analogous map is a surjection for all n.
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Proposition 4.2. Suppose that for each n ∈ N, the inclusion f−1n (0) →֒ Yn induces a ring surjection
K∗G(Yn)։ K
∗
G(f
−1
n (0)).
Then the natural ring homomorphism induced by the inclusion fˆ−1(0) →֒ Y,
K∗G(Y )→ K
∗
G(fˆ
−1(0)),
is also a surjection.
Proof. The union of the infinite increasing sequence of G-invariant subspaces
· · · ⊂ fˆ−1(−∞,
1
2
(n− 1)ρ¯2) ⊂ fˆ−1(−∞,
1
2
nρ¯2) ⊂ fˆ−1(−∞,
1
2
(n + 1)ρ¯2) ⊂ · · ·
is all of Y . The G-equivariant inclusions then induce a sequence of ring homomorphisms
· · · → K∗G(fˆ
−1(−∞,
1
2
(n+ 1)ρ¯2))→ K∗G(fˆ
−1(−∞,
1
2
nρ¯2))→ K∗G(fˆ
−1(−∞,
1
2
(n− 1)ρ¯2))→ · · ·
with inverse limit lim←− K
∗
G(fˆ
−1(−∞, 12nρ¯
2)).Wenowwish to compare this inverse limit withK∗G(Y )
using the Milnor sequence (see e.g. [15, Theorem 13.1.3]). Note thatK∗G satisfies the wedge axiom
since by definition it is a representable theory; moreover, each of the subsets fˆ−1(−∞, 12nρ¯
2) are
open subsets so we may use the Mayer-Vietoris sequence as in the proof of [15, Theorem 13.1.3].
Hence we may conclude that there exists a sequence (“the Milnor sequence”)
(4.6) 0→ lim←−
1K∗G(fˆ
−1(−∞,
1
2
nρ¯2))→ K∗G(Y )→ lim←−K
∗
G(fˆ
−1(−∞,
1
2
nρ¯2))→ 0.
We have just seen in Proposition 4.2 that for each n, the map
K∗G(Yn+1)։ K
∗
G(Yn)
is surjective. Since we have also just seen in the proof of Proposition 4.2 that each Yn is G-
equivariantly homotopic to fˆ−1(−∞, 12nρ¯
2), we conclude that
K∗G(fˆ
−1(−∞,
1
2
(n+ 1)ρ¯2))։ K∗G(fˆ
−1(−∞,
1
2
nρ¯2))
is also surjective for each n. Hence the Mittag-Leffler condition is satisfied and the Milnor lim1
term, i.e. the first term in the short exact sequence (4.6), vanishes and we conclude
(4.7) K∗G(Y )
∼= lim←−K
∗
G(fˆ
−1(−∞,
1
2
nρ¯2)).
Finally, we observe that each f−1n (0) for all n ∈ N is identified via βn with fˆ
−1(0), and that the
maps φn also identify each f
−1
n (0) ⊆ Yn with f
−1
n+1(0) ⊆ Yn+1. The result now follows from the
definition of the inverse limit. 
Wemay now prove Theorem 1.1 as a straightforward corollary.
Proof. (Proof of Theorem 1.1) By Propositions 3.1, 4.1, and 4.2, it suffices to prove that for each
n ∈ N, the inclusion f−1n (0) →֒ Yn induces a surjection in equivariant K-theory. The proof of
Proposition 4.2 shows that fn is a self-perfecting Morse-Kirwan function in equivariant K-theory.
Hence, in particular, since f−1n (0) is the minimum level of fn, the inclusion f
−1
n (0) →֒ Yn indeed
induces a surjection
K∗G(Yn)։ K
∗
G(f
−1
n (0))
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in equivariant K-theory, as desired. 
APPENDIX A. SOME G-EQUIVARIANT HOMOTOPY THEORY
In this Appendix we present, in as streamlined a fashion as possible, a small amount of G-
equivariant homotopy theory which we require in order to make our arguments in Section 3. We
suspect that such arguments as we record below are standard, well-known, and even trivial to the
experts, but we were unable to find complete proofs. As such, with an apology to those experts,
we include them here.
Our main references for the non-equivariant theory are the monographs by Selick [15] and May
[10]. All of the results we state below are obtained by carefully inserting the G-action into the
relevant statements in [15, Chapter 7]. We begin with some general facts about G-fibrations and
G-cofibrations, such as the G-equivariant version of a standard but crucial fact, namely, that any
G-map can be factored as a composition of a G-fibration and a G-homotopy equivalence. The
main result for our purposes is TheoremA.3, which states that if twoG-fibrations areG-homotopy
equivalent, then their pullbacks along any G-map are also G-homotopy equivalent.
Theorem A.1. Let f : X → Y be a based G-map which induces a surjective map on path components.
Then there exists a factorization f = pφ where φ : X → Pf is a G-homotopy equivalence and p : Pf → Y
is a G-fibration.
The proof of this theorem follows the “standard” proof, which explicitly constructs the interme-
diate space Pf and maps φ : X → Pf , p : Pf → Y that satisfies the required properties. The only
extra work is to take care to check theG-equivariance properties of this standard construction; this
is what we do below.
Proof. The inclusion {0} ∪ {1} →֒ I = [0, 1] is a cofibration in the non-equivariant sense. By
equipping both the domain and the target with the trivial G-action, the inclusion becomes a G-
cofibration. It follows from the G-equivariant exponential law [11, p.11] that the induced map
ev0× ev1 : Map(I, Y ) → Map({0} ∪ {1}, Y ) = Y × Y given by evaluation at 0 and 1, respectively,
is a G-fibration. Hence it follows that 1X × ev0× ev1 : X × Map(I, Y ) → X × Y × Y is also a
G-fibration. Now define the map q : X × Y → X × Y × Y by q(x, y) := (x, f(x), y). Since f is by
definition G-equivariant, this is a G-equivariant map, and hence we obtain a G-fibration Pf over
X × Y by pulling back 1X × ev0× ev1 by q. More specifically, we have
Pf :=
{
(x, y, x′, γ) ∈ X × Y ×X ×Map(I, Y )
∣∣∣∣ x′ = x, γ(0) = f(x), γ(1) = y}
∼=
{
(x, γ)
∣∣∣∣ γ(0) = f(x)} ,
with projection map p¯ : Pf → X × Y given by p¯(x, γ) = γ(1). Since the map X × Y → Y which
projects to the second factor is also a G-fibration, we obtain the map Pf → Y by composing p¯with
this projection, i.e. p : Pf → Y is defined by p(x, γ) = γ(1) and is aG-fibration, since compositions
of G-fibrations is also a G-fibration.
It now suffices to prove that there exists a map φ : X → Pf which is aG-homotopy equivalence.
We first define φ : X → Pf by φ(x) := (x, cf(x)),where cf(x) denotes the constant path at f(x) ∈ Y.
Since we have equipped the interval I with the trivial G-action, φ is also G-equivariant. Now
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define ψ : Pf → X by ψ(x, γ) = x. This is clearly G-equivariant. We have by definition that
ψ ◦φ = 1X , so to obtain theG-homotopy-equivalence, it suffices to show that φ◦ψ isG-homotopic
to the identity 1Pf . We may explicitly construct such a G-homotopy H : Pf × I → Pf by defining
H(x, γ, s) := (x, γs), where for any path γ the adjusted path γs is given by γs(t) := γ(st). It is now
straightforward to check that H is a G-equivariant homotopy between φ ◦ ψ and 1Pf , as desired.

Theorem A.2. Let p : E → B be a G-fibration, and let f : X → B, g : X → B be G-maps which
are G-homotopy equivalent. Then the pullback fibrations f∗E → X, g∗E → X are G-fibre-homotopy
equivalent.
Proof. Wewill explicitly construct theG-fibre-homotopy equivalence. Throughout, we will use pri
to denote the projection of a direct product to its i-th factor. First, by writing f and g as composites
with the G-homotopy, we may without loss of generality consider the special case in which the
base B is of the form X × I and f, g are the inclusions at the two ends ι0, ι1. Here X is a G-space,
I is equipped with the trivial G-action, and X × I the diagonal G-action. Let Es := p
−1(X × {s})
denote the pullback of p by ιs : X → X × {s}. Let h : X × I × I × I → X × I be defined by
h(x, r, s, t) = (x, (1 − t)r + st). All factors of I are equipped with the trivial G-action so this is
clearly G-equivariant.
Since p : E → X × I = B is a G-fibration by assumption, we may apply the homotopy lifting
property to the following diagram:
E × I
pr1
//
ιE,0

E
p

E × I × I
h◦(p×1×1)
// X × I
where ιE,0 : E × I → E × I × I is the inclusion (e, s) 7→ (e, s, 0) and p× 1× 1(e, s, t) = (p(e), s, t) ∈
(X × I)× I × I. As a result, we obtain a diagonal map F : E × I × I → E making both resulting
triangles commute. We set K := F (−,−, 1) : E × I → E given by K(e, s) = F (e, s, 1). Observe
that the mapH : E × I → E given byH(e, t) = F (e,pr2 ◦ p(e), t) gives a G-homotopy between 1E
(at t = 0) and the G-map k(e) = K(e,pr2 ◦ p(e)). Moreover, by construction it satisfies pH(e, t) =
p(e)∀t. Hence, in order to show that E0 and E1 are G-fibre-homotopy-equivalent, it suffices to
construct α : E0 → E1, β : E1 → E0 such that β ◦ α and α ◦ β are G-homotopic to k ◦ k|E0 and
k ◦ k|E1 respectively.
We define α : E0 → E1 by α(e) = K(e, 1) and β : E1 → E0 by β(e) = K(e, 0); these are well-
defined since pK(e, s) = (pr1 ◦ p(e), s) so in particular K(e, s) ∈ Es. Then it is straightforward to
check that (e, s) 7→ K(K(e, 1 − s), 0) and (e, s) 7→ K(K(e, s), 1) provide G-homotopies from β ◦ α
to k ◦ k|E0 and α ◦ β to k ◦ k|E1 respectively, both covering the constant homotopy 1X ∼ 1X . The
claim follows. 
Given this theorem, we can easily prove the following. It is obtained by transforming an arbi-
trary G-map into a G-fibration by Theorem A.1 and then applying Theorem A.2 three times.
Theorem A.3. Let p : E → B and p′ : E′ → B be G-fibrations. Suppose there exists a G-homotopy
equivalence ψ : E → E′ satisfying p′ ◦ ψ = p. Then for any G-equivariant map f : X → B, the pullback
G-fibrations f∗E → X, f∗E′ → X are also G-homotopy equivalent.
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Proof. By Theorem A.1, we may decompose f into a composition f = f ′ ◦ φ,
X
φ
// Pf
f ′
// B
where f ′ is a G-fibration and φ is a G-homotopy equivalence. Then denote by Qf and Q
′
f the
pullbacks of E and E′ via the map f ′, i.e. we have the fiber squares
Qf //

E
p

Pf
f ′
// B
and Q′f //

E′
p′

Pf
f ′
// B.
Since f ′ : Pf → B is a G-fibration, and p : E → B and p
′ : E′ → B are G-homotopy equivalent, we
may now apply Theorem A.2 to conclude that Qf and Q
′
f are also G-homotopy equivalent. Now
consider the pullbacks Q and Q′ of E and E′, respectively, by f , i.e. we have the fiber squares
Q //

E
p

X
f
// B
and Q′ //

E′
p′

X
f
// B.
Since f = f ′ ◦ φ, these fiber squares in fact also fit into the larger commutative diagrams of pull-
backs
(A.1) Q //

Qf //

E
p

X
φ
// Pf
f ′
// B
and Q′ //

Q′f //

E′
p′

X
φ
// Pf
f ′
// B.
Looking only at the left square of each of these diagrams, we have that the base φ is aG-homotopy
equivalence by assumption. A simple corollary of Theorem A.2 is that if a map h : A → B is a
G-homotopy equivalence, and P → B is a G-fibration, then the pullback G-fibration h∗P is G-
homotopy equivalent to P . Applying this straighforward corollary of Theorem A.2 twice, once
on each left-hand square of the two diagrams in (A.1), we may conclude that Q is G-homotopy
equivalent to Qf , and Q
′ is G-homotopy equivalent to Q′f . Since we have already seen that Qf
and Q′f are G-homotopy eequivalent we have shown that Q and Q
′ are G-homotopy equivalent,
as desired. 
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